We discuss existence, uniqueness and regularity of the solution of the plane Neumann᎐Kelvin problem in a strip, in the case of a beam. The problem is obtained by linearization of the equations of the wave-resistance problem for a ''slender'' cylinder semisubmerged in a heavy fluid and moving at uniform, supercritical speed in the direction orthogonal to its generators. The results obtained may be relevant for the resolution of the nonlinear wave-resistance problem.
INTRODUCTION
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We refer to the above problem as the Neumann᎐Kel¨in problem for a Ž . Ž . beam; for, given a solution¨of 1.1 ᎐ 1.4 , define the potential such Ž . Ž that ٌ s u,¨, where u is the harmonic conjugate of¨defined in S H . up to an arbitrary constant ; then, satisfies Ž .
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y Ž . Notice that 1.7 is the classical Neumann᎐Kelvin condition. We are Ž . Ž . interested in the solutions of 1.5 ᎐ 1.8 with finite Dirichlet integral in S . We recall that in the formulations of the Neumann᎐Kelvin problem in H w x w x the mathematical literature, see 1 ᎐ 3 and references therein, it is assumed that the Dirichlet integral of the solution is only locally finite; however, because of the condition -1rH, we are in the case of a Ž . supercritical stream see below and it is reasonable to look for solutions with finite Dirichlet integral. We point out a further connection between the above two problems: by introducing the stream function , i.e., a Ž . harmonic conjugate of defined up to an arbitrary constant it can be w x shown 2 that, if has finite Dirichlet integral, then satisfies a problem Ž . Ž . of the type 1.1 ᎐ 1.4 .
In the present work, we first prove existence and uniqueness of the Ž . Ž . ariational solution of 1.1 ᎐ 1.4 , for sufficiently regular data g. As we will see in Section 3, the crucial point is the proof of the coercivity of the associated bilinear form, which follows precisely from the bound -1rH;
Ž . the difficulty arises from the sign of in the condition 1.3 and is well w x known in the so-called floating beam problem 4 . We also discuss regularity and decay properties of the solution. In particular, we show that under Ž . suitable regularity assumptions on g the¨elocity field u,¨is continuous and bounded in S , in particular at the end points of the beam; by H considering the differences of the values of u at these points, we find a 1 Ž . condition for the existence of a harmonic conjugate u g H S . Finally, H the analyticity properties of the complex¨elocity field s u y i¨are discussed.
Ž . Ž . Then we turn to the discussion of the problem 1.5 ᎐ 1.8 in a suitable space of functions with finite Dirichlet integral. The remarkable fact is the construction of a variational formulation of the problem and the proof of Ž . the existence by using a priori properties of the solutions see Section 4 ; uniqueness follows by suitably specifying additional conditions at the end points of the beam. It is worthwhile to stress that the field¨s y obtained in terms of this solution is not in general a¨ariational solution of Ž . Ž . 1.1 ᎐ 1.4 , due to its singularities at the end points of the beam.
The interest in the resolution of the above problems lies in their connection with the wa¨e-resistance problem, consisting in the determination of the steady two-dimensional flow generated by an infinitely long, horizontal cylinder semisubmerged in a heavy incompressible inviscid fluid of finite constant depth H and moving at a uniform speed c in the direction orthogonal to its generators. The problem is well known and of w x w x considerable interest for applications 5 , 6 ; unfortunately, very little is known about existence and uniqueness of its solution due to the presence Ž . of a nonlinear condition on a free boundary Bernoulli condition . Then, one usually assumes that the profile of the free surface is a small Ž perturbation of the straight line i.e., the fluid surface in the case of the . free, parallel flow and considers a linear approximation of such condition on a fixed boundary; as a result, one ends up with the ''classical'' Neuw x w x mann᎐Kelvin problem 1 ᎐ 3 . However, this approximation is not in general justified by physical arguments relying on the assumptions of the problem. We will discuss a linearization of the wave resistance problem related to the assumption of a ''slender'' cylinder, i.e., with a cross section depending on a small positive parameter ⑀ in such a way that for ⑀ ª 0 it Ž . reduces to a beam parallel to the unperturbed flow. The same kind of w x approximation is discussed in 7 for a completely submerged cylinder. As we will see, for ⑀ s 0 the trivial parallel flow is a solution of the problem; by assuming that all the relevant quantities of the problem admit an expansion in powers of ⑀ , we linearize the problem around the solution at ⑀ s 0 by retaining the first order terms. The resulting linear problem for Ž . Ž . the component¨of the velocity field is of the type 1.1 ᎐ 1.4 . Furthermore, the linearized problem can be completely described in terms of the Ž . Ž . problem 1.5 ᎐ 1.8 for the potential together with additional conditions at the end points of the beam, as previously discussed. In the next section, we briefly recall the wave-resistance problem and describe our linearization procedure. In the subsequent sections, we prove existence and uniqueness results for the two linear problems. In the appendix the regularity of Ž . Ž . the solution of problem 1.1 ᎐ 1.4 is investigated by an alternative method, which involves the discussion of two integral equations of the Wiener᎐Hopf type.
THE WAVE-RESISTANCE PROBLEM AND ITS LINEARIZATION
We choose a reference frame connected with the cylinder and such that the xy-plane is orthogonal to the horizontal generators of the cylinder; the x-axis is directed as the unperturbed flow, the undisturbed free surface is at y s 0 and the bottom of the region occupied by the fluid is at y s yH.
We assume that the cylinder is ''slender'' in the following sense: the boundary of the cross section of the ''hull'' is described by the equation
where ⑀ ) 0 is a small parameter and f is a C C 1 convex function defined in some interval J, and strictly negative on some subinterval contained in J.
Ž . The fluid surface has equation y s h x , where h is an unknown smooth w x function defined in R_ x , x , with x g J. The two numbers x , x are y q " q y the abscissae of the points where the free surface meets the hull, so that Ž . Ž . h x s ⑀ f x ; clearly, they are also unknown and their determination is " " part of the problem. We denote by ⍀ the region filled with the fluid, i.e.,
Natural bounds on the unknown function h and on f will guarantee that the domain ⍀ is a simply connected subset of the plane, infinite in the x Ä Ž .4 direction. We assume that the free surface y s h x and the wetted part Ž . Ž . of the cylinder y s ⑀ f x x F x F x , form a single streamline. As y q Ä 4 usual, also the bottom y s yH is assumed to be a streamline. As already mentioned in the previous section, we will discuss the problem in the case of supercritical velocity, i.e.,
where g is the acceleration of gravity and we require that the perturbation created by the obstacle on the parallel flow vanishes at infinity upstream Ž . see below . A commonly used approach to the problem relies on the introduction of Ž . the complex variable z s x q iy and a complex velocity function z s Ž . Ž . u x, y y i¨x, y , holomorphic in ⍀, with u and¨components of the velocity vector. Referring to the existing literature for the free boundary condition on the fluid surface, we can now state our problem in the following form: find two real numbers x ) 0 and x -0, a real function q y 1 Ž . h g C C R and a complex function s u y i¨holomorphic in ⍀ such that the following boundary conditions hold
xªyϱ Ž . Ž . Equations 2.5 ᎐ 2.6 indicate that the free surface and the wetted hull are Ž . arcs of a streamline; equation 2.7 expresses the same property for the Ž . bottom, while 2.4 is the Bernoulli condition on the free surface. Furthermore, we recall the continuity condition 
Ž . Ž . By substituting 2.11 in 2.4 ᎐ 2.10 we obtain for ⑀ ª 0 the following boundary conditions
By taking the derivative of the first equation, we can eliminate the Ž . unknown function h x and obtain
By the Cauchy᎐Riemann equations u s y¨, u s¨, and by putting Ž . s grc , we now get for the function¨the condition 1.3 . Moreover, Ž . Ž . from 2.6 we get 1.2 in the form
Ž . while 2.7 coincides with the condition 1.4 . The limit conditions 2.8 yields
As will be shown in the next section, there is a unique function u y i1 Ž . Ž . Ž . holomorphic in S , with¨g H S and satisfying 2.14 ᎐ 2.16 . In this
Ž . Ž . case, the function h given by 2.12 satisfies 2.9 ; note that equation 2.10 has no linearized counterpart in this framework. We will discuss this problem in Section 4.
VARIATIONAL SOLUTION FOR THE VELOCITY FIELD
We will look for a convenient variational formulation of the problem Ž . Ž .
1r2 Ž . Obviously, the same bound holds for¨.
We now investigate the regularity and the decay at infinity of the above solution.
where is the first positi¨e solution of where --иии --иии are the positive solutions of equation 
Hence, by known regularity results on elliptic problems in polygonal w 
Ž .
Remark. By the estimate on the gradient of¨which follows from 3.6 , one easily verifies that the harmonic conjugate
. where x, y is any point in S , extends to a continuous function on thẽ˜H closed strip S . In particular, it is meaningful to consider the values Then, the proposition follows.
Remark. By recalling the discussion of Section 2, we see that in the Ž . X Ž . case of the linearized wave-resistance problem one has g x s cf x and Ž . Ž . 1 Ž . therefore H g s f x y f yx . Then, a velocity field in H S exists if
the function f is symmetric; for, in this case¨is antisymmetric with Ž . respect to x and u is symmetric, so that 3.8 holds. In the general case, the function u will be fixed by requiring c s 0, which corresponds to y Ž . satisfy the condition 2.9 in the linearized wave resistance problem. We Ž . further remark that relations analogous to 3.9 were obtained for the w x w x ordinary Neumann᎐Kelvin problem in 1 and 2 .
We finally discuss the analyticity properties of the complex velocity field s u y i¨. 
VARIATIONAL SOLUTION FOR THE POTENTIAL FIELD
As already mentioned in the introduction, the discussion of the lin-Ž . earized wave resistance problem see Section 2 lead us to consider Ž . Ž . non¨ariational solutions of 1.1 ᎐ 1.4 which are related to the solutions of Ž . Ž . the Neumann᎐Kelvin problem 1.5 ᎐ 1.8 for the potential field. In this Ž . Ž . section, we will obtain a solution of the problem 1.5 ᎐ 1.8 in a space of functions with finite Dirichlet integral in S . As we will see, existence and H uniqueness of the solution follows by the assignment of the values Ž .Ž "x , 0 which must be chosen to satisfy a compatibility condition, see in the wave-resistance problem it is reasonable to expect discontinuities of the velocity field at the points where the free surface meets the hull of the semisubmerged cylinder. 2 Ž . w y1 r2 Ž . Assume now that g g L I more generally, we can take g g H I , x see below and consider the space of the restrictions to S of functions
Ž . g D D R . We denote by H S the closure of the above space in the
Notice that the elements of H S have a trace x, 0 which is abso-

D H
lutely continuous on F, with square integrable derivative; for notational Ž . simplicity, we will denote by x, 0 this derivative. We stress that the 
Ž . Ž . Proof. We first prove coercivity of the left-hand side of 4.4 on V .
On the other hand, by Holder inequality, we havë
H HH 
Hence, we have the bound for some positive constant C. As a consequence, we obtain
. Moreover, the trace , 0 belongs to H yR, yx j x , R , so that 0 0
Ž . Ž . Ž . these points is described by Equation 3.6 . Here we prove that, in order to 2 Ž . get¨g H S , the datum g must satisfy precisely two independent H s Ž . conditions. The result is extended to more general spaces H S . 
Ž .
q q
Here we set
Ž . ½ 0,
Notice that supp W : yx r2, x r2 . We can represent¨in the form In order to achieve such factorization, we first set Ž . Ž . for g . These conditions guarantee that, in the representation 3.6 , the constant C is missing.
